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Abstract. The non-collinearity of magnetic moments of pentagonal bipyramid Cr7, Mn7 and Fe7 clusters
is discussed. The magnetic moments are calculated by the discrete variational non-collinear spin-density
functional method. For the Cr7 cluster, a coplanar magnetic arrangement appears at the large interatomic
distance. With decreasing the interatomic distance, the coplanar arrangement changes to the parallel
arrangement with a small absolute magnetic moment. For the Mn7 cluster, the magnetic arrangement
changes from coplanar to antiparallel with decreasing the interatomic distance. Also for the Fe7 cluster,
some coplanar magnetic moments appear at the interatomic distance of 2.23 Å. In these coplanar magnetic
arrangements, the magnetic moment at the basal site of the pentagon rotates with a step of 144 degrees
for the Cr7 clusters and 72 degrees for the Mn7 and Fe7 clusters.

PACS. 36.40.Cg Electronic and magnetic properties of clusters – 75.75.+a Magnetic properties
of nanostructures

1 Introduction

The theoretical study of the non-collinear magnetism has
been progressing since the non-collinear spin-density func-
tional calculation was established [1]. The non-collinear
spin-density functional method has been applied to the
anomalous magnetic system such as metal alloys and
metal surfaces [2–5].

In transition metal clusters, especially the mid-3d el-
ement, Cr, Mn and Fe clusters, the non-collinear mag-
netism is expected to be observed because the atomic
structures of these clusters mainly consist of trigonal or
tetrahedral units, where the antiferromagnets are topo-
logically frustrated. However, there have been only a few
works in which the non-collinear magnetism is taken into
account [6,7]. Oda et al. [6] calculated the magnetic mo-
ments of structure-optimized Fe3 and Fe5 clusters by using
the non-collinear local spin-density functional approxima-
tion (LSDA) with the ultra soft pseudo potential. They
have found that the magnetic moments at the apical sites
of the trigonal bipyramid Fe5 cluster tilt by 30 degrees to
those at the basal sites. Ivanov et al. [7] have found in
their non-collinear wavelet calculation that the directions
of magnetic moments in the regular triangle Cr3 cluster
are at 120 degrees with each other on a plane.

In the previous work [8], the author developed a simple
method for non-collinear calculation by using the LSDA
and the discrete variational (DV) method, and calculated
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the magnetic moments of 5-atom V, Cr, Mn, Fe, Co, and
Ni clusters. The author has found that some coplanar mag-
netic moments appear in the Cr5, Mn5, and Fe5 clusters.
That is, the magnetic moments are ordered not on a line
but on a plane in these clusters, whereas only collinear
magnetic moments are found in the V5, Co5 and Ni5 clus-
ters.

The method developed in the previous work is so sim-
ple that it can be applicable larger system, such as 10-
20 atom clusters or surfaces of transition metal. In the
present work, we calculate the non-collinear magnetic mo-
ments of pentagonal bipyramid Cr7, Mn7 and Fe7 clusters
by the non-collinear LSDA-DV method. We find an inter-
esting coplanar magnetic arrangement; magnetic moments
rotate along the basal pentagon with a step of ∼ 144 de-
grees for the Cr7 and ∼ 72 degrees for the Mn7 and Fe7

clusters.

2 Calculation

All calculations in the present work are performed by the
non-collinear LSDA-DV method, which is based on the
2-element non-collinear Kohn-Sham equation [1],{(
−∇2 + v0 + v̄xc

)
I +∆vxcσ̃z

}(Ψαi
Ψβi

)
= εi

(
Ψαi
Ψβi

)
. (1)

Here, Ψσi (r) is the one-electron orbital which generates
the 2×2 spin-density matrix. v0 is the electrostatic po-
tential from nuclei and electrons. v̄xc and ∆vxc are the
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Fig. 1. Atomic structure of pentagonal bipyramid.

spin-independent and the spin-dependent terms of the lo-
cal exchange correlation potential: v̄xc = (δExc/δρ1 +
δExc/δρ

2)/2 and ∆vxc = (δExc/δρ1−δExc/δρ2)/2, where
the indices 1, 2 mean the up and down spin along the lo-
cally oriented axis. δExc/δρ1 and δExc/δρ

2 are obtained
by applying the usual LSDA [9] to the spin-densities ρ1(r)
and ρ2(r), which are polarized to the local spin-axis at
r. I is the 2 × 2 unit matrix, and σ̃z is the Pauli ma-
trix unitarily transformed by the spin-rotation matrix at
each sampling point. Eq. (1) is solved in the self-consistent
charge manner with the LCAO basis;(

Ψαk
Ψβk

)
=
∑
i

cki

(
U1
ki

U2
ki

)
φi(r), (2)

where cki, U1
ki and U2

ki are complex coefficients. We take
numerical bases for the 1s-4s, 2p-4p and 3d atomic or-
bitals, which are recalculated at every iteration and vary
corresponding to the potential around the atom. The cal-
culation is iterated until every charge of atomic orbital
converges within the error of 10−4. In this calculation, the
relative direction of the magnetic moment at each atomic
site is self-consistently obtained. However, the absolute
direction cannot be determined. So, in the figures shown
below, the direction of the magnetic moment of the atomic
site 3 is fixed at (θ, ϕ) = (90, 90), and the directions for
other atoms are shown as the relative angle to it. More de-
tails in the method of calculation are described in Ref. [8].

Figure 1 shows the atomic structure of the regular pen-
tagonal bipyramid employed in the present work. The pen-
tagonal pyramid is known as the optimized structure of
7-atom transition metal clusters [10,11]. Instead of opti-
mizing the interatomic distances, we vary the distances
from 80% to 100% of those of bulk crystal, and discuss
the dependence of the non-collinearity on interatomic dis-
tance because the LSDA estimates the interatomic dis-
tance shorter than those by experiments or more precise
method such as HF-hybrid method, so that the discussion
only with the optimized distance would be misleading.
Figure 1 also shows the direction of the initial magnetic
moment at each atomic site. We take the initial direc-
tion from the center to the vertex of the bipyramid. Then,
the net initial magnetic moment of the whole cluster is
zero. The initial configuration of the 3d electronic states
for each atom is taken as follows: 3d5.0

↑ 3d0.0
↓ for Cr5, 4.0,

3d5.0
↑ 3d1.0

↓ for Mn5, and 3.0, 3d5.0
↑ 3d2.0

↓ for Fe5, where the
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Fig. 2. Non-collinearity of magnetic moments in the pentag-
onal bipyramid clusters with the interatomic distance of 80-
100% of the bulk value. The magnetic arrangement is indicated
by the grayscale. The average magnetic moment per atom (µB)
is shown for each interatomic distance.

suffix ↑ (↓) means the up (down)-spin about the local axis.
The initial configurations of 4s and 4p electronic states are
4s0.5
↑ 4s0.5

↓ 4p0.0
↑ 4p0.0

↓ for all the clusters.

3 Results

3.1 Cr7

Figure 2 shows the general features of the non-collinearity
of the Cr7 cluster, as well as those of the Mn7, and Fe7

clusters with the interatomic distance from 80% to 100%
of the bulk value (d/dbulk). In the figure, the magnetic
order is shown by the gray scale: parallel (P), antiparal-
lel (AP), coplanar, and non-order. The average absolute
magnetic moments per atom (µB) are also shown in Fig. 2.

For the Cr7 cluster, the magnetic moment at each
atomic site is arranged in coplanar order for the large in-
teratomic distance. With decreasing the interatomic dis-
tance, the absolute magnetic moment per atom rapidly
decreases by one tenth and the arrangement changes to
the parallel order.

Figure 3 shows the side view of the coplanar magnetic
moment of the Cr7 cluster at the interatomic distance of
2.50 Å (d/dbulk = 1.00). The numbers in the figure corre-
spond to those for the atomic sites in Fig. 1. The direction
of the arrow indicates θ in Fig. 1, and the length of the
arrow indicates the absolute magnetic moment (µB). It is
found that the arrow for the basal atomic sites 3-7 rotates
clockwise with a similar step of 144±6 degrees. Then, the
direction of the magnetic moment rotates twice through
the basal pentagon as a kind of the helimagnetic moment.

The magnetic moments at the apical sites 1, 2 is or-
dered in parallel each other. The absolute value of the
magnetic moment is 0.17µB, which is very small in com-
parison with those at the basal sites (∼ 3.0µB). This is due
to the large coordination number at the apical site. It is
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Fig. 3. Side view of the coplanar magnetic moment of the
Cr7 cluster with the interatomic distance of 2.50 Å (d/dbulk =
1.00).

known that the magnetic moment for Cr clusters rapidly
decreases when the coordination number increases or the
interatomic distance decreases [12].

In the small interatomic distance (d/dbulk = 0.8−0.9),
the magnetic moment at each atomic site aligns in paral-
lel. However, the value of magnetic moment is very small
as shown in Fig.2. Total magnetic moment of the whole
cluster is 2.0µB, which means that only one electronic level
in the majority spin is excessively occupied in comparison
with the non-magnetic states.

3.2 Mn7

Also for the Mn7 cluster, an almost coplanar magnetic
arrangement appears at the large interatomic distance as
indicated in Fig. 2. The magnetic arrangement changes
from the coplanar to non-coplanar with decreasing the
interatomic distance. Finally at 2.18 Å (d/dbulk = 0.80),
the magnetic moment aligns in antiparallel with a small
absolute value (0.81µB/atom).

Figure 4 shows the same as Fig. 3 for the coplanar
magnetic moment of the Mn7 cluster at the interatomic
distance of 2.73 Å (d/dbulk = 1.00). The arrow of mag-
netic moment at the basal sites 3-7 rotates with the step
of 72± 2 degrees, the half for the Cr7 cluster. Then, the
direction of magnetic moment rotates not twice but once
through the pentagon. It is noted that, in this magnetic
arrangement, there is a dispersion with ±5 degrees in the
angle from the coplanar plane, whereas the dispersion for
the Cr7 cluster in Fig. 3 is almost zero. Thus, this mag-
netic arrangement is not complete but almost coplanar
and changes to the non-coplanar at smaller interatomic
distances.

The magnetic moments at the apical sites align in an-
tiparallel and their absolute values are 3.5µB, which is
the five sixth of those of the basal sites. The magnetic
arrangement at the apical sites is parallel for Mn7, while
antiparallel for Cr7 shown in Fig. 3. These arrangements
are similar to those for Cr5 and Mn5 clusters [8].

Figure 5 shows the non-coplanar magnetic moment of
the Mn7 cluster with the interatomic distance of 2.32 Å
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Fig. 4. Side view of the coplanar magnetic moment of the
Mn7 cluster with the interatomic distance of 2.73 Å (d/dbulk =
1.00).
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Fig. 5. Polar plot of the non-coplanar magnetic moment of the
Mn7 cluster with the interatomic distance of 2.32 Å (d/dbulk =
0.85). The size of symbol indicates the absolute value of the
magnetic moment. The radial (azimuthal) part indicates the
angle of θ (ϕ).

(d/dbulk = 0.85). Here, we employ a polar plot to indicate
the direction of the magnetic moment because it is dif-
ficult for a 3-dimensional figure to indicate non-coplanar
variously oriented magnetic moments with various abso-
lute values. In the figure, the size of symbol indicates the
absolute value of the magnetic moment, the filled (empty)
symbol means the direction above (below) the horizontal
plane. The radius part indicates the angle of θ for θ ≤ 90
(above the horizontal plane) or 180− θ for 90 < θ ≤ 180
(below the horizontal plane). The azimuthal part indicates
the angle of ϕ.

It is found from Fig. 5 that the magnetic moments ori-
ent, in principle, the directions to the center to the vertices
of the cluster, that is, those similar to the initial condition.
To verify it, we tried some calculation with random initial
conditions, and found similar results. We also obtained
similar results in the non-coplanar magnetic moments in
the Mn5 cluster [8].
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Fig. 6. Side view of the coplanar magnetic moment of the
Fe7 cluster with the interatomic distance of 2.23 Å (d/dbulk =
0.90).
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Fig. 7. Polar plot of the non-coplanar magnetic moment of the
Fe7 cluster with the interatomic distance of 2.11 Å (d/dbulk =
0.85).

3.3 Fe7

The magnetic arrangement in the Fe7 cluster is paral-
lel for large and small interatomic distances as shown
in Fig. 2. The absolute magnetic moment decreases from
2.86µB/atom at 2.84 Å (d/dbulk = 1.00) to 0.29 at 1.98 Å
(d/dbulk = 0.80), from 20 to 2µB in total.

In the intermediate distance, the magnetic arrange-
ment changes to non-collinear. Figure 6 shows the same as
Fig. 3 for the coplanar magnetic moment of the Fe7 cluster
with the interatomic distance of 2.23 Å (d/dbulk = 0.90).
In this arrangement, the dispersion in the angle from the
coplanar plane is ±12 degrees. The angle of magnetic mo-
ment at the basal sites rotates with the step of 72±12 de-
grees, so that the magnetic moment rotates once through

the vertices of the pentagon similarly to that for the Mn7

cluster.
The magnetic moments of the apical sites are very

small (0.2µB). These small magnetic moments reduce the
average magnetic moment in Fig. 2.

Figure 7 shows the same as Fig. 5 for the non-coplanar
magnetic moment of the Fe7 cluster with the interatomic
distance of 2.11 Å (d/dbulk = 0.85). The magnetic ar-
rangement is essentially the same as the non-coplanar ar-
rangement for Mn7 cluster in Fig. 5, that is, the magnetic
moments orient to the direction from the center to the ver-
tices of the cluster. It seems that the non-coplanar mag-
netic arrangements appear around the critical distance
where the magnetic moment begins to decrease.

4 Conclusions

The non-collinear magnetic moments of the pentagonal
bipyramid clusters, Cr7, Mn7, and Fe7 are calculated by
the non-collinear LSDA-DV method. It is found that some
coplanar magnetic moments appear in all these clusters.
In the coplanar magnetic arrangement, rotating magnetic
moments are observed on the basal 5 sites, that is, the
magnetic moments rotate with the step of ∼ 144 degrees
for the Cr7 cluster, ∼ 72 degrees for the Mn7 and Fe7

clusters.
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1. J. Kübler, K.-H. Höck, J. Sticht, A.R. Williams, J. Phys.
F 18, 469 (1988).

2. V.P. Antropov, M.I. Katasnelson, M. van Schilfgaarde,
B.N. Harmon, Phys. Rev. Lett. 75, 729 (1995).
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